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Introduction
Composite materials are increasingly being used in various engineering applications due to their attractive properties in strength, stiffness, and lightness. Finite element models originally developed for one-layered isotropic structures were extended to laminated composite structures as equivalent singlelayer (ESL) models. These models are known to provide a sufficiently accurate description of the global response of thin to moderately thick laminates [1] and considered in this paper. In company with the increase in the application of composite materials in engineering structures, many beam theories have been developed for predicting the response of laminated composite beams. A review of different beam theories for the analysis of isotropic and laminated beams was presented by Ghugal and Shimpi [2] .
Assessments of several beam theories were performed by Aguiar et al. [3] and Zhen and Wanji [4] for static, vibration, and stability analyses of composite beams. According to Ghugal and Shimpi [2] , all of these beam theories can be classified into three main categories: the classical beam theory (CBT), the first-order beam theory (FOBT) and the higher-order beam theory (HOBT). The CBT known as EulerBernoulli beam theory is the simplest one and is applicable to slender beams only. For moderately deep beams, it underestimates deflection and overestimates buckling load and natural frequency due to ignoring the transverse shear effects ( [5] - [7] ). The FOBT known as Timoshenko beam theory is proposed to overcome the limitations of the CBT by accounting for the transverse shear effects. Since the FOBT violates the zero shear stress conditions on the top and bottom surfaces of the beam, a shear correction factor is required to account for the discrepancy between the actual stress state and the assumed constant stress state. To remove the discrepancies in the CBT and FOBT, the HOBTs are developed to avoid the use of shear correction factor and have a better prediction of response of laminated beams. The HOBTs can be developed based on the assumption of the higher-order variation of in-plane displacement ([8] - [12] ) or both in-plane and transverse displacements ( [13] - [20] ) through the depth of the beam. There is another type of higher-order theories which use trigonometric, hyperbolic and exponential functions to represent the shear deformation effects. By using these higher-order theories, although several authors have investigated the static, vibration and buckling behaviour of composite plates ([21] - [26] ), the existing literature reveals that studies of flexural analysis of composite beams with arbitrary lay-ups are limited. Although the HOBTs offer a slight improvement in accuracy compared to the FOBT, they are computationally more demanding due to higher-order terms included in the theories. Hence, there is a scope to develop accurate refined shear deformation beam theories which are simple to use to solve the problem.
In this paper, various refined shear deformation beam models are presented to study the static responses of composite beams with arbitrary lay-ups under vertical loads. The displacement fields of the present theories are chosen based on the following assumptions: (1) the axial and transverse displacements consist of bending and shear components in which the bending components do not contribute toward shear forces and, likewise, the shear components do not contribute toward bending moments; (2) the bending component of axial displacement is similar to that given by the CBT;
and (3) the shear component of axial displacement gives rise to the higher-order variation of shear strain and hence to shear stress through the depth of the beam in such a way that shear stress vanishes on the top and bottom surfaces. The most interesting feature of these beam models is that 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 it satisfies the zero traction boundary conditions on the top and bottom surfaces of the beam without using shear correction factors. The governing equations are derived from the principle of virtual displacements. A two-noded C 1 finite element with six degree-of-freedom per node which accounts for shear deformation effects and all coupling coming from the material anisotropy is developed to solve the problem. Numerical results are performed for symmetric and anti-symmetric cross-ply composite beams under the uniformly distributed load and concentrated load. The effects of fiber angle and layups on the shear deformation parameter and extension-bending-shear-torsion response are investigated.
Kinematics
A laminated composite beam made of many plies of orthotropic materials in different orientations with respect to the x-axis, as shown in Fig. 1 , is considered. For generality purpose, the displacement field in the beam is assumed to be:
where u is the axial displacement along the mid-plane of the beam, w b and w s are the bending and shear components of transverse displacement along the mid-plane of the beam, φ is rotation of the normal to the mid-plane about x-axis and f (z) represents shape function determining the distribution of the transverse shear strains and stress through the depth of the beam. Eq. (1) contains the displacement field of the CBT, FOBT, HOBT based on Reddy [27] and the sinusoidal shear beam theory (SSBT) based on Touratier [21] . Each displacement field can be obtained by using the function f (z) given in Table 1 .
The non-zero strains are given by:
where ǫ • x , γ • xz , κ b x , κ s x and κ xy are axial strain, shear strains and curvatures in the beam, respectively defined as:
where differentiation with respect to the x-axis is denoted by primes ( ′ ).
Variational Formulation
Total potential energy of the system is calculated by sum of strain energy and the work done by external forces:
where U is the strain energy:
The strain energy is calculated by substituting Eq. (2) into Eq. (5):
The variation of the strain energy can be stated as:
where N x , M b x , M s x , Q xz and M xy are the axial force, bending moments, shear force and torsional moment, respectively, defined by integrating over the cross-sectional area A as: On the other hand, the variation of work done by external forces can be written as:
Principle of total potential energy can be stated as:
The weak form of the HOBT and SSBT for composite beams is given by substituting Eqs. (7) and (9) into Eq. (10):
Due to the absence of function f (z) in Eq. (8c), the weak form of the FOBT becomes:
Constitutive Equations
The constitutive equations of a k th orthotropic lamina in the laminate co-ordinate system of section are given by:
whereQ * ij are transformed reduced stiffnesses and can be calculated from the transformed stiffnesses based on the plane stress and plane strain assumption. More detailed explanation can be found in Ref. [28] .
The constitutive relation for out-of-plane stress and strain is given by:
The constitutive equations for bar forces and bar strains are obtained by using Eqs. (2), (8), (13) and (14): where R ij are the laminate stiffnesses of general composite beams and given by:
It is from Eq. (16) that the difference between each theory can be found in the laminate stiffnesses terms dealing with functions f (z) and g(z) as indicated in Table 1 , these terms are R i,3 , i = 1..4 and R 55 . The explicit of the laminate stiffnesses for each theory is given in Appendix A.
Governing Equations
The equilibrium equations of the present study can be obtained by integrating the derivatives of the varied quantities by parts and collecting the coefficients of δu, δw b , δw s and δφ:
The natural boundary conditions are of the form: 
By substituting Eqs. (3) and (15) into Eq. (17), the explicit form of the governing equations can be expressed with respect to the laminate stiffnesses R ij :
Eq. (19) is the most general equilibrium equations for the extension, bending, shear and torsion behaviour of composite beams under various types of loadings, and the dependent variables, u, w b , w s and φ are fully coupled.
Finite Element Formulation
The present theory for composite beams described in the previous section was implemented via a displacement based finite element method.
Interpolation function for the HOBT and SSBT
The variational statement in Eq. (11) requires that the bending and shear components of transverse displacement w b and w s be twice differentiable and C 1 -continuous, whereas the axial displacement u and rotation φ must be only once differentiable and C 0 -continuous. The generalized displacements are expressed over each element as a combination of the linear interpolation function Ψ j for u and φ and
Hermite-cubic interpolation function ψ j for w b and w s associated with node j and the nodal values: 
Interpolation function for the FOBT
The variational statement in Eq. (12) requires that bending component displacement w b be twice differentiable and C 1 -continuous, whereas the axial displacement u, the shear component displacement w s and rotation φ must be only once differentiable and C 0 -continuous. The generalized displacements are expressed over each element as a combination of the linear interpolation function Ψ j for u, w s and φ and Hermite-cubic interpolation function ψ j for w b associated with node j and the nodal values:
Substituting these expressions in Eqs. (20) and (21) into the corresponding weak statement in Eqs. (11) and (12), the finite element model of a typical element can be expressed as:
where [K] is the element stiffness matrix and [F ] is the element force vector. The explicit of them is given in the Appendix B.
It is clear that for the HOBT and SSBT, a two-noded C 1 finite element with six degree-of-freedom per node is used, while five degree-of-freedom per node is used for the FOBT. Besides, since C 1 finite element is used, the shear locking can be avoided for the FOBT. 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 64 65
Numerical Examples
For verification purpose, a number of numerical examples are presented and analysed using different theory (CBT, FOBT, HOBT and SSBT). In the case of the FOBT, a value of 5/6 is used for the shear correction factor. A cantilever isotropic beam under an end load P and a simply-supported isotropic beam under a uniform load q are considered first. The exact solutions [29] for the maximum displacements for these two cases, when using the higher-order theory, are given by:
where the superscripts c and ss represent the cantilever and simply-supported beam solutions, respectively. The material and geometric properties are E = 29000, ν = 0.3, b = 1, P = 100 and q = 10. These problems are solved here to compare with other theories for several span-to-height L/h ratios. The maximum displacements are calculated and given in Table 2 , with the previous finite elements results ([12] , [30] , [31] and [32] ) and Euler, Timoshenko theory results [31] . The current results are in excellent agreement with other researchers and the exact solutions for both cases.
In the next example, a cantilever unidirectional composite beam with L/h = 9 is performed for two load cases: a uniformly distributed load, and a concentrated tip load (Fig. 2) . The material properties and loading cases are given in Table 3 . The vertical displacements at the free end are given in Table 4 with the previous result obtained based on the FOBT of Lin and Zhang [32] and Davalos et al. [33] and the HOBT of Surana and Nguyen [34] . The table shows 
For convenience, the following non-dimensional terms are used, the vertical displacement and inplane and transverse shear stresses of beams under the uniformly distributed load q: 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 and the axial, vertical and torsional displacements of beams under the concentrated tip load P :
as well as a parameter α is defined to assess the effect of shear deformation:
The mid-span displacements for different L/h ratios are compared with exact solutions [7] and the finite elements results ( [3] , [12] , [18] , [35] ) in Tables 5 and 6 . Effect of span-to-height ratio on in-plane and transverse shear stresses of a simply-supported composite beam is given in Table 7 . Distribution of these stresses through-the-thickness for L/h = 5 is also plotted in Figs The bending component obtained using the SSBT is the smallest, whereas the shear one is the largest.
As the fiber angle increases, the bending components increase more rapidly than the shear ones. It is clear that the shear effect is negligible in this lay-up even for L/h = 10 ( Fig. 8) . When using the HOBT, the orthotropy solution or uncoupled solution, which neglects the coupling effects coming from 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 the material anisotropy, are also given. Variation of the maximum vertical displacements at mid-span of the beam with respect to the fiber angle change is shown in Fig. 9 . For this stacking sequence, the coupling stiffness R 14 and R 23 do not vanish while all the other coupling stiffnesses become zero.
That is, the orthotropy solution might not be accurate. However, since the coupling stiffness is small, the coupling effects coming from the material anisotropy become negligible. Consequently, the present solution and the orthotropy solution agrees well as shown in Fig. 9 . It is indicated that the orthotropy solution is sufficiently accurate for this lay-up.
In order to investigate the coupling and shear effects further on the axial-flexural-torsional response, as would be observed in isotropic material, but also causes additional responses due solely to coupling effects. That is, the orthotropy solution is no longer valid for unsymmetrically laminated beams, and and fourfold coupled extension-bending-shear-torsion equations should be considered simultaneously for accurate analysis of composite beams.
Conclusions
A two-noded C 1 finite element model with six degree-of-freedom per node which accounts for shear deformation effects and anisotropy coupling is developed to study the static behaviour of composite beams with arbitrary lay-ups under vertical loads. This model is capable of predicting accurately static responses for various configuration including boundary conditions, span-to-height ratio and laminate orientation. It accounts for parabolical variation of shear strains through the depth of the beam, and satisfies the zero traction boundary conditions on the top and bottom surfaces of the beam 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 without using shear correction factor. The orthotropy solution is accurate for lower degrees of material anisotropy, but, becomes inappropriate as the anisotropy of the beam gets higher, and fully coupled equations should be considered for accurate analysis of composite beams. The present model is found to be appropriate and efficient in analysing static problem of composite beams.
Appendix A
The laminate stiffnesses of composite beams in the present study can be divided by the common terms for all theories and specific terms for each theory. The common terms for all theories can be expressed by:
The specific terms for the FOBT can be expressed by:
The specific terms for the HOBT can be expressed by: The specific terms for the SSBT can be expressed by: 
Appendix B
The element stiffness matrix for the HOBT and SSBT is given by:
The element stiffness matrix for the FOBT is given by:
The force vector is given by:
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